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Abstract 



A conjecture due to the fourth author states that every d-regular planar multigraph can be d-edge- 
coloured, provided that for every odd set X of vertices, there are at least d edges between X and 
its complement. For d = 3 this is the four-colour theorem, and the conjecture has been proved for 
all d < 8, by various authors. In particular, two of us proved it when d = 7; and then three of us 
proved it when d = 8. The methods used for the latter give a proof in the d = 7 case that is simpler 
than the original, and we present it here. 



1 Introduction 



Let G be a graph. (Graphs in this paper are finite, and may have loops or parallel edges.) If 
X C V{G), 5g{X) = 5{X) denotes the set of all edges of G with an end in X and an end in 
V{G) \ X. We say that G is oddly d- edge- connected if |(^(-'^)| > d for all odd subsets X of V{G). The 
following conjecture [8j was proposed by the fourth author in about 1973. 

1.1. Conjecture. If G is a d-regular planar graph, then G is d- edge- colourable if and only if G is 
oddly d- edge- connected. 

The "only if" part is true, and some special cases of the "if" part of this conjecture have been 
proved. 

• For d = 3 it is the four-colour theorem, and was proved by Appel and Haken [H El [7j; 

• for d = 4, 5 it was proved by Guenin [6]; 

• for d = 6 it was proved by Dvorak, Kawarabayashi and Krai [3]; 

• for d = 7 it was proved by the second and third authors and appears in the Master's thesis [5] 
of the former; 

• for d = 8 it was proved by three of us [3] . 

The methods of [3] can be adapted to yield a proof of the result for d = 7, that is shorter and 
simpler than that of [5]. Since in any case the original proof appears only in a thesis, we give the 
new one here. Thus, we show 

1.2. Every 7-regular oddly 7 -edge- connected planar graph is 7 -edge- colourable. 

All these proofs (for d > 3), including ours, proceed by induction on d. Thus we need to assume 
the truth of the result for d = 6. Some things that are proved in are true for any d, and we 
sometimes cite results from that paper. 

2 An unavoidable list of reducible configurations. 

Let us say a d-target is a pair (G,m) with the following properties (where for F C E{G), m{F) 
denotes X^eeF "^(^))- 

• G is a simple graph drawn in the plane; 

• m{e) > is an integer for each edge e; 

• m{6{v)) = d for every vertex v] and 

• m{5{X)) > d for every odd subset X C V{G). 

In this language, 11.11 savs that for every d-target {G,m), there is a list of d perfect matchings 
of G such that every edge e of G is in exactly m(e) of them. (The elements of a list need not be 
distinct.) If there is such a list we call it a d- edge- colouring, and say that (G, m) is d- edge- colourable. 
For an edge e G E{G), we call m(e) the multiplicity of e. If X C V{G), G\X denotes the subgraph 
of G induced on X. We need the following theorem from [3]: 
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2.1. Let {G,m) be a d-target, that is not d-edge-colourable, but such that every d-target with fewer 
vertices is d-edge-colourable. Then 

• \ViG)\>6; 

• for every X C V{G) imth \X\ odd, if \V{G) \X\^l then m{5{X)) >d + 2; and 

• G is three- connected, and m{e) < d — 2 for every edge e. 

A triangle is a region of G incident with exactly three edges. If a triangle is incident with vertices 
u,v,w, for convenience we refer to it as uvw, and in the same way an edge with ends u,v is called 
uv. Two edges are disjoint if they are distinct and no vertex is an end of both of them, and otherwise 
they meet. Let r be a region of G, and let e G E{G) be incident with r; let r' be the other region 
incident with e. We say that e is i-heavy (for r), where i > 2, if either m(e) > i or r' is a triangle 
uvw where e = uv and 

m{uv) + min(m(nu;), m{yw)) > i. 

We say e is a door for r if m(e) = 1 and there is an edge / incident with r' and disjoint from e with 
m(/) = 1. We say that r is big if there are at least four doors for r, and small otherwise. A square 
is a region with length four. 

Since G is drawn in the plane and is two-connected, every region r has boundary some cycle 
which we denote by C^. In what follows we will be studying cases in which certain configurations 
of regions are present in G. We will give a list of regions the closure of the union of which is a 
disc. For convenience, for an edge e in the boundary of this disc, we call the region outside the disc 
incident with e the "second region" for e; and we write m+(e) = m(e) if the second region is big, 
and m+(e) = m(e) + 1 if the second region is small. This notation thus depends not just on {G, m) 
but on what regions we have specified, so it is imprecise, and when there is a danger of ambiguity 
we will specify it more clearly. If r is a triangle, incident with edges e, /, g, we define its multiplicity 
m{r) = m{e) + m(/) + m{g). We also write m+(r) = m+(e) + m~^{f) + m^{g). A region r is tough 
if r is a triangle and vri^ir) > 7. 

Let us say a 7-target (G, m) is prime if 

• m(e) > for every edge e; 

• \V{G)\ > 6; 

• m{6{X)) > 9 for every X C V{G) with \X\ odd and \X\, \V{G) \X\^1; 

• G is three-connected, and m{e) < 6 for every edge e; 
and in addition (G, m) contains none of of the following: 

Conf(l): A triangle uvw, where u has degree three and its third neighbour x satisfies 

m(ux) < m{uw) + m{vw). 

Conf(2): Two triangles uvw, uwx with m{uv) -\- m{uw) -\- m{vw) -\- m{ux) > 7. 
Conf(3): A square uvwx where m{uv) -\- m{vw) -\- m{ux) > 7. 
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Two triangles uvw^uwx where m'^{uv) + m{uw) + m~^{wx) > 6. 
A square uvwx where m^{uv) + ■m^{wx) > 6. 

A triangle uvw with m~^{uv) + ■m'^(u'w) = 6 and either m{uv) > 3 or m{uv) 
m{uw) = 2 oi u has degree at least four. 



m{vw) 



A region r of length at least four, an edge e of with m"'"(e) = 4 where every edge of 
Cr disjoint from e is 2-heavy and not incident with a triangle with multiplicity three, and 
such that at most three edges disjoint from e are not 3- heavy. 

A region r with an edge e of Cr with m^{e) = m{e) + 1 = 4 and an edge / disjoint from 
e with rri^{f) = m{f) + 1 = 2, where every edge of Cr \ {/} disjoint from e is 3-heavy 
with multiplicity at least two. 

A region r of length at least four and an edge e of Cr such that m(e) = 4 and there is no 
door disjoint from e. Further for every edge / of Cr consecutive with e with multiplicity 
at least two, there is no door disjoint from /. 



A region r of length four, five or six and an edge e of Cr such that m(e) 
that rri^{f) > 2 for every edge / of Cr disjoint from e. 



4 and such 



A region r and an edge e of Cr, such that m(e) = 5 and at most five edges of Cr disjoint 
from e are doors for r, or m"'"(e) = m(e) + 1 = 5 and at most four edges of Cr disjoint 
from e are doors for r. 



A region r, an edge uv of Cr, and a triangle uvw such that m{uv) + ■m{vw) 
most five edges of Cr disjoint from v are doors for r. 
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A square xuvy and a tough triangle uvz, where m{uv) + m~^{xy) > 4 and m{xy) > 2. 

A region r of length five, an edge /o G E{Cr) with m^(eo) > 2 and m~*'(e) > 4 for each 
edge e € E{Cr) disjoint from /q. 

A region r of length five, a 3-heavy edge /o € E[Cr) with m(eo) > 2 and m"'"(e) > 3 for 
each edge e € E{Cr) disjoint from /q. 

A region r of length six where five edges of Cr are 3-heavy with multiplicity at least two. 

We will prove that 7-target is prime (Theorem 13. ip . To deduce [L2l we will show that if there 
is a counterexample, then some counterexample is prime; but for this purpose, just choosing a 
counterexample with the minimum number of vertices is not enough, and we need a more delicate 
minimization. If {G,m) is a d-target, its score sequence is the {d + l)-tuple (no,ni, . . . ,nd) where 
rii is the number of edges e of G with m(e) = i. If {G,m) and {G',m') are d-targets, with score 
sequences (no, • • • ,nd) and (tiq, . . . ,n'^) respectively, we say that {C ,m') is smaller than {G,m) if 
either 



\V{G')\ < \ViG)\, or 
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• \V{G')\ = \V{G)\ and there exists i with 1 < i < d such that n[ > Ui, and n'j = Uj for all j 
with i < j < d, or 

• = 1^(^)1, and n'j = Uj for all j with < j < d, and u'q < uq. 

If some d-target is not d-edge-colourable, then we can choose a d-target (G, m) with the following 
properties: 

• (G, m) is not d-edge-colourable 

• every smaller d-target is d-edge-colourable. 

Let us call such a pair (G,m) a minimum d- counterexample. To prove [L2l we prove two things: 

• No 7-target is prime (theorem 13. ip . and 

• Every minimum 7-counterexample is prime (theorem I4.ip . 

It will follow that there is no minimum 7-counterexample, and so the theorem is true. 

3 Discharging and unavoidability 

In this section we prove the following, with a discharging argument. 

3.1. No 7-target is prime. 

The proof is broken into several steps, through this section. Let (G, m) be a 7-target, where G 
is three-connected. For every region r, we define 

a{r) = U - 7\E{Cr)\ + 2 ^ m(e). 

eeE(Cr) 

We observe first: 

3.2. The sum of a(r) over all regions r is positive. 

Proof. Since {G,m) is a 7-target, m(6{v)) = 7 for each vertex v, and, summing over all v, we 
deduce that 2m{E{G)) = 7\V{G)\. By Euler's formula, the number of regions i? of G satisfies 
\V{G)\ - \E{G)\+R = 2, and so Am{E{G)) - U\E{G)\ + lAR = 28. But 2m(^(G)) is the sum over 
all regions r, of X]ee-B(Cr) ^^(6)1 ^"^^ l^-R — 14|i?(G)| is the sum over all regions r of 14 — 7\E{Gr)\. 
It follows that the sum of a(r) over all regions r equals 28. This proves [3^21 | 

For every edge e of G, define /3e(s) for each region s as follows. Let r, r' be the two regions 
incident with e. 

• Ifsj^r,r' then /3e(s) = 0. 

• If r,r' are both big or both tough or both small and not tough, then /3e(r), /?e(?'') = 0. 
[/SO]: If r' is tough and r is small and not tough then f3e(,i") = —Peir') = 1. 
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Henceforth we assume that r is big and r' is small; let /, g be the edges of C^/ \ e that share an end 
with e. 

[/31]: If e is a door for r (and hence m(e) = 1) then /3(,{r) = (3e{r') = 0. 
[/32]: If r' is a triangle with m(r') > 5 then /3e(?') = — /3e(''') = 2. 
[/33]: Otherwise /3e(r) = -/3e(r') = 1. 

For each region r, define /3(r) to be the sum of /3e{r) over all edges e. We see that the sum of 
/3(r) over all regions r is zero. 

Let a, f3 be as above. Then the sum over all regions r of a{r) + /3(r) is positive, and so there is a 
region r with a(r) + /3(r) > 0. Let us examine the possibilities for such a region. There now begins 
a long case analysis, and to save writing we just say "by Conf(7)" instead of "since (G, m) does not 
contain Conf(7)", and so on. 

3.3. If r is a big region and a{r) + /3(r) > 0, then {G,m) is not prime. 

Proof. Suppose that {G,m) is prime. Let C = Cr- Suppose a{r) + /3(r) > 0; that is, 

(7-2m(e)-/3e(r))<14. 

eeE(C) 

For e € E{C), define 0(e) = 2m(e) + (3e{r), and let us say e is major if 0(e) > 7. If e is major, then 
since /3e{r) < 3, it follows that m(e) > 3 and that e is 4- heavy. If m{e) = 3 and e is major, then 
by Conf([T]) the edges consecutive with e on C have multiplicity at most two. It follows that no two 
major edges are consecutive, since G has minimum degree at least three. Further when e is major, 
f3e{r) is an integer from the /3-rules, and therefore 4>{e) > 8. 
Let D be the set of doors for C. Let 

• = 2 if there are consecutive edges e, / in C such that 0(e) > 9 and / is a door for r, 

• = 3 if not, but there are consecutive edges e, / in C such that 0(e) = 9 and / is a door for r, 

• ^ = 4 otherwise. 

(1) Let e,f,g be the edges of a path of C, in order, where e,g are major. Then 

(7 - 0(e)) + 2(7 - 0(/)) + (7 - (fig)) > 2C|{/} n D\. 

Let ri,r2,r3 be the regions different from r incident with e,f,g respectively. Now m(e) < 5 since 
G has minimum degree three, and if m(e) = 5 then ri is big, by Conf fllip . and so f3e{r) = 0. If 
m(e) = 4 then /3e{r) < 2; and so in any case, 0(e) < 10. Similarly (j){g) < 10. Also, 0(e), 0(5) > 8 
since e,g are major. Thus 0(e) + (j){g) € {16, 17, 18, 19,20}. 

Since / is consecutive with a major edge, m(/) < 2. Further if m{f) = 2 then r2 is not a triangle 
with multiplicity at least 5 by ConfQ so rule /32 does not apply. Therefore it follows from the /3-rules 
that 0(/) < 5 and if m{f) = 1 then 0(/) < 4. 

First, suppose that one of 0(e), 0(51) > 10, say 0(e) = 10. In this case we must show that 
20(/) < 18 - 0(5) - 2^|{/} nD\. It is enough to show that 20(/) < 8 - 2C|{/} n D\. Now m(e) > 4 
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and e is 5-heavy by the /3-rules, and so m{f) = 1, since G is three-connected and by Conf([T|). If / is 
a door then (f){f) = 2 by rule /31 and ^ = 2 so 2(j){f) < 8 — 2,^|{/} D D\. If / is not a door then since 
4>{f) < 4, it follows that 2(/)(/) < 8 - 2^[{/} n D\. So we may assume (l){e),(j){g) < 9. 

Next, suppose that one of (j){e) , (f){g) = 9, say (/>(e) = 9. By the /3-rules, we have m~^{e) = 
m{e) + 1 = 5. We must show that 2(j){f) < 19 - (p{g) - 2^|{/} n D\; it is enough to show 20(/) < 
10 — 2^|{/} n D\. Since (/>(/) < 5 we may assume / is a door. Thus (j){f) = 2 and ^ < 3, so 
4 = 2(j){f) < 19 - (l){g) - 2C\{f} nD\. We may therefore assume that (j){e) + (j){g) = 16. 

So, suppose (j){e) + (j){g) = 16 and so (j){e) = 4>{g) = 8. Now ^ < 4 and we must show that 
2(p{f) < 12 — 2^|{/} n D\. Again, if / is not a door then 20(/) < 12 as required. If / is a door then 
2(t>{f) = 4 < 12 - 2^\{f} n D\. This proves (1). 

(2) Let e, / be consecutive edges of C , where e is major. Then 

(7-0(e)) + 2(7-,^(/)) >2e|{/}nZ^|. 

We have (^(e) € {8,9,10}. Suppose first that (/>(e) = 10. We must show that 2(/>(/) < ll-2^|{/}ni:>l; 
but m[f) = 1 by Conf([T]) since e is 5-heavy. Since (j){f) < 4 we may assume / is a door. Thus 0(/) = 2 
and < 2, as needed. 

Next, suppose that 4){e) < 9; it is enough to show that 2(/)(/) < 12 — 2^|{/} n D\. Now e is 
4-heavy and m{f) < 2 so (j){f) < 6 by the /3-rules. We have ^ < 4. Since 0(/) < 6, we may assume 
/ is a door. If / is a door, then 2(p{f) = A < 12 - 2^\{f} n D\. This proves (2). 

For i = 0, 1, 2, let Ei be the set of edges / G E{C) such that / is not major, and / meets exactly 
i major edges in C. By (1), for each f E2 we have 

i(7 - m) + (7 - Hf)) + 1(7- Hg)) > n D\ 

where e,g are the major edges meeting /. By (2), for each f G Ei we have 

^{7-^{e)) + {7-m)>m}nD\ 
where e is the major edge consecutive with /. Finally, for each f G Eq we have 

7 - 4>{f) > mn ri D\ 

since (/>(/) < 7, and (j){f) = 2 if / E Summing these inequalities over all f G EqU EiU E2, we 
deduce that '^(,^E(c)i'^ ~ ^i^)) — ^l-^l- Consequently 

14 > ^ {7-2m{e)-(3e{r))>^\D\. 

eG-E(C) 

But \D\ > 4 since r is big, and so ^ < 3. If ^ = 3, then \D\ = 4, contrary to Conf (jlip . So ^ = 2 
and |-D| < 6. But then Cr has a 5-heavy edge with multiplicity at least four that is consecutive with 
a door and has at most five doors disjoint from it, contrary to Conf (fTT] ) and Conf(|12p. This proves 

m I 
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3.4. If r is a triangle that is not tough, and a{r) + /3(r) > 0, then {G,m) is not prime. 

Proof. Suppose (G, m) is prime, and let r = uvw. Now a{r) = 2{m{uv) + m{vw) + m{uw)) — 7, so 

2{m{uv) + m{vw) + m{uw)) + I3{r) > 7. 

Let ri,r2,r3 be the regions different from r incident with uv,vw,uw respectively. Since r is not 
tough, m~^{r) < 6, and so m(r) < 6 as well. 

Suppose first that r has multiplicity six and hence /3(r) > —5. Then ri,r2,r^ are all big. Suppose 
m{uv) = 4. Then rule /32 applies to give /3(r) = —6, a contradiction. Thus r has at least two edges 
with multiplicity at least two. Rules j32 and /33 apply giving /3(r) < —5, a contradiction. 

Suppose r has multiplicity five and so /3(r) > —3. Then at least two of ri,r2,r3 are big, say r2 
and r3, and so (ivw{f) + l^uw{f) < —2. Consequently fiuvir) > —1 so we may assume that ri is a 
tough triangle uvx. By Conf([2]), m{ux) = m{vx) = 1. Since uvx is tough, m{uv) > 2. Suppose 
m{uv) = 3. Then by Conf([3|), m+(ux) = m+(fx) = 1, contradicting the fact that uvx is tough. So 
m{uv) = 2, m{uvx) = 4 and we may assume m[vw) = 2. But by Conf([l]), m^(ux) = 1, contradicting 
the fact that uvx is tough. 

Suppose r has multiplicity four. Then /3(r) > —1. Since m^(r) < 6 we may assume that ri 
is big, so I3uv{r) = —1. Now if r2 is tough then I3^w{r) = 1, and otherwise (3vwii") < 0. Thus by 
symmetry we may assume r2 is a tough triangle vwx and r3 is small. Suppose that m{uv) = 2. By 
Conf([l]), m'^{vx) + m{vw) + m{uw) + 1 < 5. Also by ConfdH), m{uv) + m{vw) + m~^{wx) < 5. Since 
m{uv) + m{vw) + m{uw) = 4 it follows that m^{vx) + m{vw) + m'^{wx) < 5, contradicting the fact 
that vwx is tough. 

Therefore we may assume that r has multiplicity three. Now /3(r) > 1. By the rules, if ri is 
tough then I3uv{t) = 1. If ri is big then I3uv{r) = —1. Otherwise fiuvir) — 0- By symmetry, it follows 
that ri,r2, r^ are all small and we may assume that ri, r2 are tough triangles uvx and vwy. It follows 
from Confdl]) that m'^(vx),m~^ (ux) < 2. This contradicts the fact that uvx is tough. This proves 

m I 

3.5. If r is a tough triangle with a(r) + /3(r) > 0, then {G,m) is not prime. 

Proof. Suppose (G, m) is prime, and let r = uvw. Now a{r) = 2{m{uv) + m{vw) + m{uw)) — 7, so 

2{m{uv) + m{vw) + m{uw)) + j3{r) > 7. 

Let ri,r2,r3 be the regions different from r incident with uv,vw,uw respectively. Since r is small 
and tough, observe from the rules that (3e{r) < for e = uv,vw,uw. 

Let X = {u,v,w}. Since {G,m) is prime, it follows that \X\ > 3, and so m{6{X)) > 9. 

But 

m{6{X)) = m{5{u)) + m{5{v)) + m{5{w)) — 2m{uv) — 2m{uw) — 2m{vw), 

and so 9 < 7 + 7 + 7 — 2m{uv) — 2m{uw) — 2m{vw), that is, r has multiplicity at most six. Since 
m^(r) > 7, r has multiplicity at least four. 

We claim that no two tough triangles share an edge. For suppose uvw and uvx are tough triangles. 
By ConfQ, (vx) + m{uv) + 711"^ (uw) < 5. Also by Conf(j3|) m'^ (vw) + m{uv) + m'^ (ux) < 5. Since 
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m~^{vw) + m^{uw) + m{uv) > 6, m'^{vx) + m'^{ux) + m{uv) < 4, contradicting the fact that ri is 
tough. 

Suppose first that r has multipUcity six and so /3(r) > —5. By ConfQ, none of 7"i,r'2,r'3 is a 
triangle. If m{uv) = 4 then by ConfQ, ri,r2,r3 are all big, contradicting the fact that r is tough. 
If m{uv) = 3, assume without loss of generality that m{vw) = 2. Then by Conf©, ri and r2 are 
big, and rule f32 applies, contradicting that /3(r) > —5. By symmetry we may therefore assume 
m{uv) = m{vw) = m{uw) = 2. By Conf(l6|) we can assume ri, r2 are big and rule /32 applies again. 
This contradicts that /3(r) > —5. 

Consequently r has multiplicity at most five. Then none of ri, r2, is tough and so /3(r) <= —3, 
contradicting that 2{m{uv) + m{vw) + m{uw)) + (3{r) > 7. This proves [331 I 

3.6. If r is a small region with length at least four and with a(r) + /3(r) > 0, then {G,m) is not 
prime. 

Proof. Suppose that (G, m) is prime. Let C = C^. Since a(r) = 14 — 7|ii^(C)| + 2 ^^g^^^^^ m(e), it 
follows that 

14-7l^(C)|+2 Yl Mr)>0, 

e£E(C) e&E{C) 

that is, 

(2m(e)+/3,(r)-7) > -14. 

e&E(C) 

For each e e -E'(C), let 

(/)(e) = 2m(e) + /3e(r), 

(1) For every e € E{C), </>(e) G {1, 2, 3, 4, 5, 6, 7}. 

Since r is not a triangle, /3e(r) € {—1,0,1}. It follows from Conf fllip that m(e) < 4. Further, 
if m(e) = 4 then m+(e) = 4 and /3e(r) = —1. This proves (1). 

For each integer z, let Ei be the set of edges of C such that (/)(e) = i. From (1) E{C) is the union 

of El, E2t E3, E4, £'5, Eq,Ej. 

Let e be an edge of C and denote by r' its second region. We now make a series of observa- 
tions that are easily checked from the /3-rules and the fact that 2m(e) — 1 < (j){e) < 2m{e) + 1, as 
well as Confdl]) which implies that if m(e) = 3 then r' is not tough. 

(2) e ^ El if and only if m{e) = m~^{e) = 1 and e is not a door for r' . 

(3) e & E2 if and only if m{e) = 1 and either 

• m+(e) = 1 and e is a door for r' , or 

• m+(e) = 2 and r' is not a tough triangle. 
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(4) e G -E3 ^^'^ only if either 

• m(e) = 1 and r' is a tough triangle, or 

• m(e) = m~^{e) = 2. 

(5) e ^ if and only if m{e) = 2, m+(e) = 3 and r' is not a tough triangle. 

(6) e if and only if either 

• m[e) = 2 and r' is a tough triangle, or 

• m{e) = m^(e) = 3. 

(7) e & Eq if and only if m{e) = 3 and m+(e) = 4. 

(8) e & Ej if and only if m{e) = 4 and m^(e) = 4. 

(9) No edge in Ej is consecutive with an edge in Eq \J Ej. 

Suppose that edges e,/ G E{C) share an end v, and e € Ej. Since v has degree at least three 
it follows that m(e) + m(/) < Q so f ^ Eq\J E-;. This proves (9). 

(10) Let e, f, g be consecutive edges of C. If e,g G Ej then f G EiU E2U E^U E4. 

For by (2), / ^ Eq. Suppose f (z E^. Since m(e) = m{g) = 4 and G has minimum degree 
three, by (6) m(f) = 2 and the second region for / is a tough triangle r' with m{r') = 4. But 
m^(e) = m'^[g) = 4, so r' is incident with two big regions; thus m'^[r') = 5, contradicting the fact 
that r' is tough. This proves (10). 

For 1 < i < 7, let Ui = \Ei\. Let k = \E{C)\. 

(11) 5ni + 4n2 + 3n3 + 2n4 + + k — ut < 1?>. 
Since 

i^ie) - 7) > -14, 

we have 6ni + 5n2 + 4n3 + 3n4 + 2n^ + ?^6 < 13, that is, 

5ni + 4n2 + 3n3 + 2n4 + 725 + A: — 727 < 13, 
since ni + n2 + + + + uq + n-j = k, proving (11). 

(12) 4ni + 3n2 + 2n3 + 714 + A; < 12 and ni + 77-2 < 2. 

By (9) we have 711 + 712 + 713 + 714 + 715 > nj. Suppose ui + n2 + + n4 + = nj. By Conf([7|), the 
edges of C cannot all be in Eq, so nj > 0. Then k is even and every second edge of C is in Ej, so by 
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(10), ns = ng = so ni +n2 + ^3 + n4 = I and 717 = |. By (11) 3ni + 2n2 + ^3 + |fc < 13. Therefore, 
we either have ni + n2 < 1, or A; = 4, or ni + 71-2 = 2 and k = 6. But by ConfQ, every edge m i^y is 
disjoint from an edge in Ei U E2, a contradiction. This proves that ni + n2 + + + > nj + 1. 
The first inequality follows from (11) and the second from the fact that k > 4. This proves (12). 

Case 1: ni + 712 = 2. 

Suppose k + ni > 6. By (12), 71,3 = 724 = 0. By ConfQ, every edge in is disjoint from an edge 
in EiU E2, and therefore, by (9), is consecutive with an edge in E^. Further, by (10) no edge in E^ 
meets two edges in E^, and so 715 > n-/, contradicting (11). This proves that k + ni < 5. 

Suppose k = 5. Then 712 = 2, and so by (12), 723 = and < 1. Also n4 + + uq + = 3. 
By (11), 727 ^ 2n4 + n^. Suppose tiq = 3, then by (7), C has three edges of multiplicity three, 
each of whose second region is small. Further, by (3) if the edges in E2 are consecutive, they are 
both incident with small regions. This contradicts Conf (|14p . Therefore tiq < 2, and so 727 > 1. By 
Conf lllOp one of the edges in E2 must be incident with a big region and by (3), it must be a door for 
that region. Since = 0, it follows that the two edges in E2 are disjoint. It follows that 727 = 1. 
By (11), 724 = and 725 > 1. Let e G Eq. Then e must be consecutive with both edges in E2, for it 
is not consecutive with the edge in Ej. But then e is disjoint only from edges in Ey U E^, contrary 
to Conf©. 

Suppose that k = 4. Then rii < 1. By Conf ()10p and (3), ni > nj. Therefore by (11), 3723 + 
2724 + ^1-5 < li and so 723 = 214 = and 215 < 1. Since 215 + 726 + 217 = 2, and edges in E5,Eq,Ej 
have multiplicity at least two, three, four, respectively, Conf(l3]) implies 217 = and uq < 1. Hence 
^5 = riQ = 1. From (11) it follows that ni = 0. By ConfQ the edge disjoint from the edge in Eq 
must have multiplicity one and be incident with a big region. By (3) this edge must be in ^i, a 
contradiction. This proves that Case 1 does not apply. 

Case 2: 2ii + 722 = 1. 

Let eo £ EiU E2- We claim that neither edge consecutive with eo is in EqU Ej. For let ei be an 
edge consecutive with eo on C and suppose ei G EqU Et, then by (7), 272+ (ei) = 4. But all edges 
disjoint from ei on C are not in Ei U E2 and therefore are 2-heavy and their second regions are not 
triangles with multiplicity three. Therefore ConfQ implies that at least four edges disjoint from eo 
are not 3-heavy and hence 213 + 724 > 4 and that k > 7, contradicting (11). This proves that all edges 
in Eq U Ey are disjoint from eo, and so 723 + 214 + 725 > 2. We consider two cases: 

Subcase 2.1: 727 > 1. 

Let / € Ej. By ConfQ, if an edge ei meets both eo and / then 7n(ei) = 1 and so ei E £'3. By 
(10) an edge meeting two edges in Ef is in E3 U E4. Summing over the edges meeting E^ U {eo} it 
follows that 2213 + 2724 + > 2(727 + !)• From (11) we deduce 572i + An2 + 213 + 217 + < 11; thus 
k + ni + + nj < 7. By Conf([TO]), 721+ (eo) = 1, so by (3), either eo € Ei or there is an edge of 
multiplicity one disjoint from eo. Since 711 + 212 = 1, such an edge would be in £'3; it follows that 
ni + > 1. We deduce that A; < 5. If k = 5 then by Conf® the edge meeting eo and / is in £3, 
and so 2ii + 723 > 2, a contradiction. 

Thus k = 4. Then by Conf p^ and (3), eo G -Ei. By Conf(l3]) the two edges consecutive with eo 
are in E3. But then A; + 721 + 273 + 727 = 8, a contradiction. 
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Subcase 2.2: nj = 0. 

Let eo, • • • ,ek-i denote the edges of C listed in consecutive order. Since 713 + 714 + 77,5 > 2, (11) 
implies k < 7. 

Suppose k = 7. Then the inequality in (11) is tight, and we have 772 = 1, 775 = 2 and 77e = 4. 
Consequently ni = 713 = 774 = 0. Then ei,eQ E E^, and so by (6) and (7) are 3-heavy with 
multiplicity at least two, and 62,63,64,65 G Eq. This is a contradiction by Conf(l8|). 

Suppose k = 6. We know ei, 65 ^ Eq. By (11), 77i + 8773 + 2774 + 775 < 3, but 773 + 774 + 775 > 2 so 

773 = and consequently 774 + 775 + 775 = 5. Also 771 + 2774 + 775 < 3. In particular 714 < 1. Suppose 

774 = 1, then 776 = 3 and 775 = 1 and 62,63,64 G Eq. It follows from Conf([8]) that 771 "'"(60) = 1, and 
so 77i = 1, contradicting that ni + 2774 + 775 < 3. Thus 714 = 0. It follows that 775 + 775 = 5. This 
contradicts Conf (fTBl) . 

Next suppose k = 5. We know ei, 64 ^ Eq. By (11), 771+8773+2774+775 < 4. Suppose 2773+774 > 2. 
Then 771 + 713 + 774 + 775 < 2, and so 772 + 770 > 3. Since ng < 2 we may assume 62, 63 G Eq and 
60 £ E2, contrary to Conf p^ . It follows that 2773 + 774 < 1. Consequently 773 = and 775 + 775 > 3. 
Thus we may assume that 777 "'"(61), 777 "'"(62), 777 "'"(63), 777 "'"(64) > 3, and 61 is 3-heavy. This contradicts 
Conf([l5]). 

Finally, suppose k = 4. By (11), 77i + 8773 + 2774 + 775 < 5. By Conf([5|), at least one of 
7?T,+ (6i), 777"'"(e3) < 2, SO wc may assume 61 G £'3 and so 773 = 1. Since 7r7+(ei) = 2, Conf([8]) 
implies 63 ^ Eq, and so 63 G -E5. Suppose eo G -Ei. Then 2774 + 775 < 1, and so 774 = and 775 < 1. 
Since 62 ^ E^, 62 G Eq. Since 771(62) = 3 by (7), it follows from Conf(l3]) that 777(61) = 1, "7(63) = 2 
and from (4) and (6) that 61,63 are incident with tough triangles V1V2X and v^v^y. This contradicts 
ConfldlD. 

Thus 60 G E2 and so 777+(eo) = 2. By Conf(l8|), 62 ^ Eq. Hence 62 G £'4 U £5. Since 2n4 + 775 < 2 
and 63 G £5, it follows that 62 G £5. By Conf (fT3]) . the second region for ei is not a tough triangle, 
and so 777(61) = 2. Since 777(62), 777(63) ^ 2, Conf(l3]) tells us 777(63) = 2 and the second region for 63 
is a tough triangle VQV'iX. But this contradicts Conf (fT3|) . We conclude that Case 2 does not apply. 

Case 3: 771 + n2 = 0. 

In this case, C has no doors, so by Conf ([9]) 777 = 0. Suppose that 775 > 1 and let e £ Eq. Then by 
Conf([7]), there are at least four edges disjoint from e that are not 8-heavy. Therefore 773 + 774 > 4 and 
k >7, contradicting (11). It follows that 771 = 772 = 775 = 717 = 0, and so 773 + 774 + 775 = k. By (11), 
3773 + 2774 + 775 + A: < 18, and k < Q. Further, 8773 + 2774 + 2775 + k < 18 + 775, and so 775 — 773 > 8A; — 13. 

Suppose first that A: = 6; then 775 > 5, so by (6) C has five 8-heavy edges, each with multiplicity 
two or three, contrary to Conf ffTBl) . Suppose k = 5; then 8773 + 2774 + 775 < 8, and so, since 
773 + 774 + 775 = 5, 773 < 1. Also 775 > 1, and if 773 = 1 then 774 < 1. Consequently we may assume 
there is an ordering 60, . . . , 64 of E{C), where 60 G £5 and 62, 63 G -£4 U £5, contrary to Conf([T5]). 

Finally, suppose k = 4; then 8773 + 2774 + 775 < 9. Since, by (5) and (6), every edge / G £4 U £5 
has m'^{f) > 8, Conf(l5|) tells us there are two consecutive edges in £3, say 60 and 61. Hence 775 > 1 
and 774 + 775 = 2. We may assume 62 G £4 U £5 and 63 G £5. Since 771(62) > 2, Conf ([3]) implies 
that 777(61) + 777(63) < 4. Thus by (4) and (6), either the second region for 61 is a tough triangle, 
or the second region for 63 is a tough triangle and 777(61) = 2. Further, 777^(61) + 777*^63) = 5. This 
contradicts Conf p^ . We conclude that Case 3 does not apply. 

This completes the proof of 13.61 I 
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Proof of 13.11 Suppose that {G,m) is a prime 7-target, and let a,/3 be as before. Since the sum 
over ah regions r of a{r) + /3(r) is positive, there is a region r with a{r) + /3(r) > 0. But this is 
contrary to one of 13.31 13.41 13.51 13.61 This proves 13.11 | 



4 Reducibility 

Now we begin the second half of the paper, devoted to proving the following. 

4.1. Every minimum 7 -counterexample is prime. 

Again, the proof is broken into several steps. Clearly no minimum 7-counterexample (G, m) has 
an edge e with m(e) = 0, because deleting e would give a smaller 7-counterexample; and by 12. 1^ 
every minimum 7-counterexample satisfies the conclusions of 12.11 Thus, it remains to check that 
(G, m) contains none of Conf(l)-Conf(14). In j3j we found it was sometimes just as easy to prove a 
result for general d instead of d = 8, and so the following theorem is proved there. 

4.2. // (G, m) is a minimum d-counterexample, then every triangle has multiplicity less than d. 

It turns out that Conf((T]) is a reducible configuration for every d as well; this follows easily from 
12.11 and is proved in [3]. 

4.3. No minimum d-counterexample contains Confix . 

If (G, m) is a d-target, and x, y are distinct vertices both incident with some common region r, 
we define {G,m) + xy to be the d-target {G',m') obtained as follows: 

• If x,y are adjacent in G, let {G',m') = {G,m). 

• If x,y are non-adjacent in G, let G' be obtained from G by adding a new edge xy, extending 
the drawing of G to one of G' and setting m'(e) = m(e) for every e € E{G) and m'{xy) = 0. 

Let {G,m) be a d-target, and let x-u-v-y be a three-edge path of G, where x,y are incident with 
a common region. Let {G',m') be obtained as follows: 

• If x,y are adjacent in G, let G' = G, and otherwise let G' be obtained from G by adding the 
edge xy and extending the drawing of G to one of G' . 

• Let m'{xu) = m{xu) — 1, m'{uv) = m{uv) + 1, m'{vy) = m{vy) — 1, m'{xy) = m{xy) -|- 1 if 
xy G E{G) and m'{xy) = 1 otherwise, and m'(e) = m(e) for all other edges e. 

If (G, m) is a minimum d-counterexample, then because of the second statement of 12.11 it follows 
that (G' ,m') is a d-target. We say that (G', m') is obtained from (G, m) by switching on the sequence 
x-u-v-y. If {G',m') admits a d-edge-colouring, we say that the path x-u-v-y is switchable. 

4.4. No minimum 7-counterexample contains Conf^ or Conf^. 
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Proof. To handle both cases at once, let us assume that {G,m) is a 7-target, and uvw,uwx are 
triangles with m{uv) + m{uw) + m{vw) + m{ux) > 7, (where possibly m[uw) = 0); and either (G,m) 
is a minimum 7-counterexample, or m{uw) = and deleting uw gives a minimum 7-counterexample 
(Go, mo) say. Let {G,m') be obtained by switching {G,m) on u-v-w-x. 

(1) {G,m') is not smaller than {G,m). 

Because suppose it is. Then it admits a 7-edge-colouring; because if (G, m) is a minimum 7- 
counterexample this is clear, and otherwise m{uw) = 0, and {G' ,m') is smaller than (Go,mo). 
Let -F{, . . . , be a 7-edge-colouring of (C, m'). Since 

m'{uv) + m'{uw) + m'{vw) + m'(ux) > 8, 

one of . . . , F7, say F[, contains two of uv, uw, vw, ux and hence contains vw, ux. Then 

[F[ \ {vw, ux}) U {uv, wx} 

is a perfect matching, and it together with F2, ■ ■ ■ provide a 7-edge-colouring of (G, m), a con- 
tradiction. This proves (1). 

From (1) we deduce that max{m(ux) , ■m(vw)) < max{m{uv),m{wx)). Consequently, 

m[uv) + m{uw) + m{vw) + m{wx) < 6, 

by (1) applied with u,w exchanged; and 

m[uv) + m{ux) + m{wx) + m[uw) < 6, 

by (1) applied with v,x exchanged. Consequently m{ux) > m{wx), and hence m{ux) > 2; and 
m{vw) > m{wx), and so m{vw) > 2. Since m{uv) + m{uw) + m(vw) + m(wx) < 6 and m{vw) > 2, 
it follows that m{uv) < 3; and since max{m{ux) , m{vw)) < max{m{uv),m{wx)), it follows that 
m{uv) = 3, m{vw) = m{ux) = 2 and m{wx) = 1. But this is contrary to (1), and so proves | 

5 Guenin's cuts 

Next we introduce a method of Guenin [6j. Let G be a three-connected graph drawn in the plane, 
and let G* be its dual graph; let us identify E{G*) with E{G) in the natural way. A cocycle means 
the edge-set of a cycle of the dual graph; thus, Q C E{G) is a cocycle of G if and only if Q can 
be numbered {ei, . . . , Cfc} for some k > 2> and there are distinct regions ri, . . . , r/- of G such that 
\ < i < k, Ci \s incident with rj and with rj+i (where r^+i means ri). Guenin's method is the use of 
the following theorem, a proof of which is given in [3] . 

5.1. Suppose that d > 1 is an integer such that every (d — l)-regular oddly {d — 1)- edge- connected 
planar graph is {d — 1)- edge- colourable. Let {G,m) he a minimum d- counterexample, and let x-u-v-y 
be a path of G with x,y on a common region. Let {G' ,m') he obtained by switching on x-u-v-y, and 
let Fi, . . . ,F(i be a d- edge- colouring of (G', m'), where xy ^ F^. Then none of Fi, . . . , F^ contain both 
uv and xy. Moreover, let L = {1, . . . ,d} \ {k} if xy ^ E{G), and L = {1, . . . ,d} if xy £ E{G). Then 
for each i £ L, there is a cocycle Qi of G' with the following properties: 
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• for 1 < j < d with j ^ i, \Fj n Qi\ = 1; 

• \F^f^Q^\ > 5; 

• there is a set X C V{G) with \X\ odd such that 5g'{X) = Qi; and 

• uv, xy € Qi and ux, vy ^ Qi. 

By the result of [1], every 6-regular oddly 6-edge-coiinected planar graph is 6-edge-colourable, so 
we can apply [5?T] when d = 7. 

5.2. No minimum 7 -counterexample contains Confl^ or Conf^. 

Proof. To handle both at once, let us assume that (G, m) is a 7-target, and uvw, uwx are two 
triangles with m^{uv) + m{uw) + m~^{wx) > 6; and either {G,m) is a minimum 7-counterexample, 
or m{uw) = and deleting uw gives a minimum 7-counterexample. We claim that u-x-w-v-u is 
switchable. For suppose not; then we may assume that m{vw) > max{m{uv),m{wx)) and m{vw) > 
m{ux). Now we do not have Conf(j2]) or ConfQ by 14.41 so 

m{uv) + m{uw) + m{vw) + m{wx) < 6, 

and yet m{uv) + m{uw) + m[wx) > 4 since m~^{uv) + m[uw) + m~^{wx) > 6; and so m{vw) < 2. 
Consequently m{uv),m{wx) = 1, and m{ux) < 2. Since u-x-w-v-u is not switchable, it follows that 
m{ux) = m{vw) = 2; and since m^{uv) + m{uw) + m'^{wx) > 6, it follows that m{uw) > 2 giving 
ConfQ, contrary to 14.41 This proves that u-x-w-v-u is switchable. 

Let ri,r2 be the second regions incident with uv,wx respectively, and for i = 1,2 let Di be the 
set of doors for r^. Let k = m{uv) + m{uw) + m{wx) + 2. Let {G,m') be obtained by switching on 
u-x-w-v-u, and let Fi, . . . , F7 be a 7-edge-colouring of {G, m'), where Fi contains one of uv, uw, wx 
for 1 <i <k. For 1 < i < 7, let Qi be as in 15.11 

(1) For 1 < i < 7, either Fi D Qi D Di ^ 0, or Fi D Qi D D2 7^ 0; and both are nonempty if ei- 
ther k = 7 or i = 7 . 

For let the edges of Qi in order be ei, . . . , e„, ei, where ei = wx, 62 = uw, and 63 = uv. Since 
Fj contains one of ei, 62, 63 for 1 < j < fe, it follows that none of 64, . . . , e„ belongs to any Fj with 
j < k and j 7^ i, and, if A: = 6 and i 7^ 7, that only one of them is in F7. But since at most one of 
ei, 62, 63 is in Fi and \Fi riQi\ > 5, it follows that n > 7; so either 64, 65 belong only to Fi, or e„, e„_i 
belong only to Fi, and both if = 7 or i = 7. But if 64, 65 are only contained in Fi, then they both 
have multiplicity one, and are disjoint, so 64 is a door for ri and hence 64 G Fj n Qj fl Di. Similarly 
if e,i,e„,_i are only contained in Fi then e„ G Fj fl H -D2- This proves (1). 

Now < 7, so one of ri, r2 is small since m'^{uv) + m{uw) + m'^{wx) > 6; and if A; = 7 then by 
(1) l-Dil, ID2I > 7, a contradiction. Thus A; = 6, so both ri, r2 are small, but from (1) \Di \ + \D2\ > 8, 
again a contradiction. This proves 15. 2[ | 
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5.3. No minimum 7 -counterexample contains Conf^. 

Proof. Let {G, m) be a minimum 7-counterexample, and suppose that uvw is a triangle with 
m'^{uv) + m^{uw) = 6 and either m{uv) > 3 or m{uv) = m{vw) = m{uw) = 2 or u has degree 
at least four. Let ri,r2 be the second regions for uv,uw respectively, and for i = 1, 2 let be 
the set of doors for rj. Since we do not have ConfQ by 15. 2| neither of ri,r2 is a triangle. Let 
tu be the edge incident with r2 and u different from uv. It follows from 14.31 that we do not have 
Conf([T]) so m{tu) < 2, since m{uv) + m{uw) > 4 and m{vw) + max{m{uv),m{uw)) > 4. By 14. 2[ 
m{vw) < m{uv). Thus the path t-u-v-w is switchable. Note that t,w are non-adjacent in G, since 
r2 is not a triangle. 

Let {G',m') be obtained by switching on this path, and let Fi, . . . , F7 be a 7-edge-colouring of 
it. Let k = m{uv) + m{uw) + 2; thus A; > 6, since m{uv) + m{uw) > 4. Bv l5.1l we may assume that 
for 1 < j < k, Fj contains one of uv, uw, and tw (z F^- 

Let / = {1, . . . , 7} \ {k}, and for each i € I, let Qi be as in l5.11 Now let i € /, and let the edges of 
Qi in order be ei, . . . , e„, ei, where ei = uv, 62 = uuj, and 63 = tw. Since Fj contains one of ei, 62, 63 
for 1 < j < k it follows that none of 64, . . . , e„ belong to any Fj with j < k; and if k = 6 and i 7^ 7, 
only one of them belongs to Fj. Since Fi contains at most one of ei, 62, 63 and \FinQi\ > 5, it follows 
that n > 7, and so either 64,65 belong only to Fi, or e^, 6^,-1 belong only to F^; and both if either 
= 7 or i = 7. Thus either 64 G Fj n Qj R D2 or 6„ G Fj n R Di, and both if A; = 7 or i = 7. Since 
k <7, one of ri,r2 is small since m~^{uv) + m'^{uw) = 6; and yet if = 7 then l-Di], ID2I ^ I-^I = 6, 
a contradiction. Thus /c = 6, so ri,r2 are both small, and yet |F>i| + \D2\ > 7, a contradiction. This 
proves 15.31 I 



5.4. No minimum 7-counterexample contains Conf^. 

Proof. Let {G,m) be a minimum 7-counterexample, with an edge uv with m~^{uv) > 4 incident 
with regions ri and r2 and ri has length at least four. Suppose further that every edge e of 
disjoint from uv is 2-heayy and not incident with a triangle with multiplicity three. It is enough to 
show that there are at least four edges on disjoint from uv that are not 3-heavy. By 15.81 and 15.61 
we do not have Conf ljlip or ConfQ. Hence m{uv) = 3 and r2 is small. 

Let x-u-v-y be a path of C,.. By 15.21 we do not have Conf([2]), so x and y are not adjacent in G. 
Since G has minimum degree three, m{uv) > m{ux),m{vy) so x-u-v-y is switchable; let {G',m') be 
obtained from {G, m) by switching on it, and let Fi, . . . , F7 be a 7-edge-colouring of {G' , m'). 

Since m'{uv) + m'{xy) = 5 we may assume by 15.11 that uv G Fj for 1 < i < 4 and xy G F5. Let 
/ = {1, . . . , 7} \ {5} and for i G I, let the edges of Qi in order be 6*^^, . . . , e\,e\, where e\ = uv and 
e\ = xy. 

Since |Fj n Qi\ > 5 and Fj contains at most one of e\,e\, it follows that n > 6. Let D2 denote 
the set of doors for r2. 

(1) Let i ^ 1. If i > k then Fi PI D2 is nonempty. Further, if Fi PI D2 is empty, or i > k then 
6| is not 3-heavy, and either 

• 63 belongs to Fi, or 

• e\ belongs to Fi and m{e\) = m{e\) = 1 and e\,e\ belong to a triangle. 
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For 1 < J < 5, Fj contains one of e\, Cg; and hence e|, . . . , ejj ^ Fj for all j G {1, . . . , 5} with 
j / i. Therefore 63, . . . , belong only to Fi,FQ,Fj. Since 63 is 2-heavy, one of 63, does not belong 
to Fq and therefore belongs to Fy. It follows that e^,e^_^ ^ F7 so n D2 is nonempty. Similarly, 
-F7 n D2 is nonempty. This proves the first assertion. 

Suppose FjnD2 is empty, or i > 5; we have |{e^,e^_;^}n(F6UF7)| > 1. Without loss of generality 
say |{e^,e^_i} n Fq\ > 1. It follows that 63, e\ belong only to FijFj, so e\ is not 3-heavy. On the 
other hand, 63 is 2-heavy by hypothesis, so if e\ ^ Fj, then e\ has multiplicity one, e\ € F7, e\ 
belongs to Fj, has multiplicity one. Since e| is 2-heavy, e| and e\ belong to a triangle. This proves 

Let Ii denote the indices i < 6,i / 5 such that e\ is not 3-heavy and either e\ € Fi, or e\ € Fi 
and 63,64 have multiplicity one and belong to a triangle incident with r\. Prom (1) and because r2 
is small, > 4. Suppose that for i ^ i' ^ /i, the corresponding edges 63 and 63 are the same. We 
may assume i' < 4. If 6| S Fj/, this is a contradiction. Otherwise ?7T.(e3) = m(e|) = 1 and 6^,64 
belong to a triangle incident with ri. It follows that e\ = e\ since 63 is not incident with a triangle 
of multiplicity three, and so 64 & Fi', a contradiction. 

It follows that there are at least four edges of C,. disjoint from uv that are not 3-heavy. This 
proves 15.41 | 



5.5. No minimum 7 -counterexample contains Conf^. 

Proof. Let (G, m) be a minimum 7-counterexample, with an edge uv with multiplicity three, 
incident with regions r and ri where ri is small. Suppose there is an edge / disjoint from e with 
m'^{f) = m{f) + 1 = 2, where every edge of Cr \ {/} disjoint from e is 3-heavy with multiplicity at 
least two. Since e and / are disjoint r has length at least four. Let x-u-v-y be a path of Cr- By l5.2l we 
do not have ConfQ, so x and y are not adjacent in G. Since G has minimum degree at least three, 
it follows that m{uv) > m{ux),m{vy) so x-u-v-y is switchable; let {G',m') be obtained from {G,m) 
by switching on it, and let Fi, . . . , F7 be a 7-edge-colouring of (C, ni'). Since m'{uv) + m'{xy) = 5 
we may assume bv lS.ll that uf S Fj for 1 < i < 4 and xy G F5. Let / = {1, . . . , 7} \ {5} and for i £ I, 
let Qi be as in 15.11 

For i £ I, let the edges of Qi in order be 61, . . . , e„, ei, where ei = uv and 62 = xy. Since 
|Fj n Qil > 5 and Fj contains at most one of 61, 62, it follows that n > 6. For 1 < j < 5, Fj contains 
one of 61, 62; and hence for all j G {1, . . . , 5}, 63, ... , 6„ ^ Fj, and so 63, ... , e„ belong only to Fj, Fg 
or F7. In particular when i G {6, 7}, 63 is not 3-heavy and so 63 = /. It follows / belongs only to 
FQ,Ff; assume without loss of generality f £ Fq. Let Di denote the set of doors for ri. Denote by 
r2 the second region for / and by D2 its set of doors. 

(1) Let i £ L At least one of Fi n Qi H Di, Fi f] Qi Ci D2 is nonempty, and if i = 7 then both 
are nonempty. 

Suppose i = 7. Then 63 = / G Fg and 64, . . . ,6„ belong only to F7, and so 64 is a door for r2 
and 6„ is a door for ri. Now suppose i < 7. If 63 = /, then since Fj contains at most one of 61, 62, 63 
and |FjnQi| > 5, it follows that n > 7. It follows that 64, . . . , e,i belong only to F7 or Fj, and so either 
64 is a door for r2 or 6„ is a door for ri as required. If 63 / / then 63 is 3-heavy, and so Fj, Fg, F7 each 
contain one of 63, 64. Therefore 6„_i, 6„ belong only to Fj, and so 6^ is a door for ri. This proves (1). 
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By (1), \Di \ + \D2\ > 7, but ri and r2 are both small, a contradiction. This proves [531 | 
5.6. No minimum 7 -counterexample contains Conf^. 

Proof. Let (G, m) be a minimum 7-counterexample, and suppose that some edge uv with m{uv) = 4 
is incident with a region r of length at least four. Let x-u-v-y be a path of C^.^ . If a; and y are adjacent, 
then since we do not have Conf(l5]) bv 15.21 xy is incident with a big region. Therefore may assume x 
and y are nonadjacent. 

We will show r has a door / disjoint from uv, and that if m{xu) > 2 then / is also disjoint from 
xu (and similarly for vy.) 

Since m(e) > 4, this path is switchable; let {G',m') be obtained from {G,m) by switching on it, 
and let -Fi, . . . , F7 be a 7-edge-colouring of (C, m'). 

Thus we may assume that uv € Fi for 1 < i < 5, and xy G Fg. Further, if m{xu) > 2 then 
xti G F7 and simlarly for vy. Let / = {!,..., 7}\{6}. For i G /, let be as in lS.li Since Qi contains 
both uv, xy for each i G /, it follows that for 1 < j < 7, -Fj- contains at most one of uv, xy. 

Consider now Q^, and let the edges of Q7 in order be ei, . . . , e^, ei where ei = uv and 62 = xy. For 
1 < J < 6, Fj- contains one of ei, 62, and hence 63, . . . , e„ belong only to F7. Since 63 G Cr.\{xu, uv, vy} 
by the choice of the switchable path, 63 is a door for r disjoint from uv. Further if m{xu) > 2 then 
63 is disjoint from xu, and similarly for vy. 

This proves 15. 6[ I 



5.7. iVo minimum 7-counterexample contains Conf\10\). 

Proof. Let {G, m) be a minimum 7-counterexample, and suppose that there is a region r of length 
between four and six incident with an edge uv with multiplicity four, and suppose that m"*"(e) > 2 
for every edge e of Gr disjoint from uv. Let x-u-v-y be a path of C,-. By I5.2| we do not have 
Conf([5]) so X and y are not adjacent in G (and r has length five or six). Since m{uv) = 4, the path 
x-u-v-y is switchable; let {G',m') be obtained from {G,m) by switching on it, and let Fi, . . . ,F7 be 
a 7-edge-colouring of {G',m'). By 15.11 we may assume that uv £ Fi iov 1 < i < 5, and xy G Fg. Let 
/ = {1, . . . , 7} \ {6} and for i G /, let Qi be as in 15.11 

Define i = \Fj n E{Gr) \ {xu,uv,vy}\. Suppose i = 0; then let the edges of Q7 in order be 
ei, . . . , Sn, ei, where ei = uv and 62 = xy. Since |Fj n Qil > 5 and Fj contains at most one of ei, 62, 
it follows that n > 6. For 1 < j < 6, Fj contains one of 61,62; and hence 63, . . . ,6„ belong only to 
F7. But 63 is an edge of E(Gr) \ {xu,uv,vy} by the choice of the switchable path, a contradiction. 
Thus £ > 1. Fix an edge / G F7 n E{Gr) \ {xu, uv, vy} and let Ii denote the indices z G / for which 

(1) <3. 

Denote by r2 the second region for / and denote by D2 the set of doors for r2. Suppose that 
|/i j > 4. For i G /i , let the edges of Qi in order be 61 , . . . , 6^, 61 , where 61 = uv, 62 = xy and 63 = /. 
Since \Fi D Qi\ > 5 and Fi contains at most one of 61, 62,63, it follows that n > 7. For 1 < j < 7, Fj 
contains one of 61, 62, 63; and hence 64, . . . , 6„ belong only to Fi. Further, 64 is incident with r2 and 
therefore is a door for r2. But then \D2\ > 4, so rri^[f) = 1, a contradiction. This proves (1). 
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Since r has length at most six, there are two cases: 
Case 1: i = 1. Let f £ (1 E{Cr) \ {xu,uv,vy}, denote by r2 the second region for / and denote 
by Z?2 the set of doors for r2. Since the edges of \ {xu, uv, vy, /} each belong to Fj for some j 7^ 7, 
there are at most two indices i G / for which / ^ Qi. But then we have > 4, contradicting (1). 
Case 2: £ = 2. Let /, /' G F7 n E{Cr) \ {xu,uv,vy}. If m(/') > 2, then /' G Fj for some j / 7, 
and so there are at most two values of i G / for which f ^ Qi- Then > 4, contradicting (1). So 
m{f') = 1 and by symmetry, m(/) = 1. There is at most one value of i G / for which /, /' ^ Qi. 
Therefore, without loss of generality we may assume there at least three indices i (z I, f € Qi, and 
so = 3. Denote by r2 the second region for / and D2 the set of doors for r2. For each z G /i, 
it follows that 64, ... ,6^ belong only to Fi, and 64 is incident with r2 and therefore is a door for 
r2- Further, since / and /' are disjoint and have multiplicity one, / is a door for r2- If follows that 
I-D2I > 4, so m'^{f) = 1, a contradiction. 

This completes the proof of 15.71 | 



5.8. No minimum 7 -counterexample contains Conf\ll\). 

Proof. Let {G, m) be a minimum 7-counterexample, and suppose that some edge uv is incident 
with regions ri,r2 where either m{uv) = 4 and r2 is small, or m{uv) > 5. By exchanging ri,r2 if 
necessary, we may assume that if ri, r2 are both small, then the length of ri is at least the length of 
r2. Suppose ri is a triangle. Then by 14.41 we do not have ConfQ, and so r2 is not a triangle and 
therefore r2 is big. Then by hypothesis, m{uv) > 5, contradicting W?2\ Thus ri is not a triangle. 

Let x-u-v-y be a path of . By l5.2l we do not have ConfdS]) so x, y are non-adjacent in G. Since 
m(e) > 4, this path is switchable; let {G',m') be obtained from {G,m) by switching on it, and let 
Fi, . . . , Fj he a 7-edge-colouring of {G' ,m'). Let k = m{uv) + 2 > 6. By 15.11 we may assume that 
uv £ Fi for 1 < i < k — 1, and xy G F^, and so A; < 7. Let / = {1, . . . , 7} \ {k} and for i G /, let Qi 
be as in l5.1[ 

Let Di be the set of doors for ri that are disjoint from e, and let D2 be the set of doors for r2. 

(1) For each i £ I, one of Fi n Qi fl Di, PI H D2 is nonempty, and if k = 7 or i > k then 
both are nonempty. 

Let i £ I, and let the edges of Qi in order be ei, . . . ,e„,ei, where ei = uv and 62 = xy. Since 
|Fi n > 5 and Fi contains at most one of ei, 62, it follows that n > 6. Suppose that k = 7. Then 
for 1 < J < 7, Fj contains one of ei, 62; and hence 63, ... , e„ ^ Fj for all j G {1, . . . , 7} with j ^ i. It 
follows that e„, e^-i belong only to Fi and hence G Fj n fl F'2- Since this holds for all i G /, it 
follows that \D2\ > |/| > 6. Hence r2 is big, and so by hypothesis, m{uv) > 5. Since xy ^ E{G), 63 is 
an edge of C^, and since 63, 64 belong only to Fj, it follows that 63 is a door for ri. But 63 7^ uj;, 
from the choice of the switchable path, and so 63 £ Fi D Qi (1 Di. Hence in this case (1) holds. 

Thus we may assume that k = 6 and so I = {1, . . . , 5, 7}; we have m{e) = 4, and r2 is small, and 
uv G Fl, . . . , F5, and xy € Fq. li i = 7, then since uv, xy G Qi and Fj contains one of ei, 62 for all 
j G {1, . . . , 6}, it follows as before that 63 G Fj n Qj H Di and e„ G Fj n Qj n F'2. We may therefore 
assume that i < 6. For 1 < j < 7 with j ^ i, \Fj D Qi\ = 1, and for 1 < j < 6, Fj contains one of 
ei, 62. Hence 63, . . . , e„ belong only to Fj and to F7, and only one of them belongs to F7. If neither 
of Cn, en— I belong to F7 then e^, G Fj n Qi D D2 as required; so we assume that F7 contains one of 
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e„,e„_i; and so 63, . . . ,en-2 belong only to Fj. Since n > 6, it follows that 63 G Fj n Qj fl Di as 
required. This proves (1). 

If /c = 7, then (1) implies that \Di\, ID2I > 6 as required. So we may assume that k = 6 and 
hence m(e) = 4 and xy ^ E{G); and r2 is small. Suppose that there are three values of z G {1, . . . , 5} 
such that [Fj n Dil = 1 and Fi D D2 = 0, say i = 1,2,3. Let fieFiCi Di for i = 1,2,3, and we 
may assume that fs is between /i and /2 in the path \ {nt>}. Choose X C such that 

5g'{X) = Q^. Since only one edge of Cr^ \ {e} belongs to Q3, one of /i, /2 has both ends in X and 
the other has both ends in V{G') \ X; say /i has both ends in X. Let Z be the set of edges with 
both ends in X. Thus {Fi D Z) Li {F2 \ Z) is a perfect matching, since e G Fi fi F2, and no other 
edge of 5g'{X) belongs to Fi U F2; and similarly (F2 n Z) U (Fi \ Z) is a perfect matching. Call 
them F{, F2 respectively. Then F{, Fg, F3, F4, . . . , F7 form a 7-edge-colouring of (C, m'), yet the only 
edges of Di U D2 included in F[ U F2 are /i, /2, and neither of them is in Fg, contrary to (1). Thus 
there are no three such values of i; and similarly there are at most two such that |Fj n 1)2 1 = 1 and 
FiODi = 0. Thus there are at least two values of z G / such that |Fj n Di | + |Fj n D2 \ > 2 (counting 
i = 7), and so iZ^il + ID2I > 8. But ID2I < 3 since r2 is small, so \Di \ > 5. This proves ISTSl | 

5.9. No minimum 7 -counterexample contains Conf\12\). 

Proof. Let {G, m) be a minimum 7-counterexample, and suppose that some edge uv is incident 
with a triangle uvw with m{uv) + m{vw) = 5, and suppose that uv is also incident with a region ri 
that has at most five doors disjoint from v. Let tv be the edge incident with ri and v different from 
uv. Bv 14. 3( we do not have Conf([l]) so m{tv) = 1, and by 14.21 m{uw) = 1. By 14.41 we do not have 
Conf(l3|), u and t are nonadjacent in G. It follows that the path u-w-v-t is switchable; let [G' ,m') be 
obtained from {G,m) by switching on it, and let Fi, . . . ,F7 be a 7-edge-colouring of {G',m'). Since 
m'{uv) + m'{uw) + m'{ut) = 7, we may assume bv 15.11 that ut G F7, and Fj contains one of uv, vw 
for 1 < j < 6 Let / = {1, . . . , 6} and for i G I, let Qi be as in l5.ll 

Let Di be the set of doors for ri that are disjoint from v. Let i ^ I, and let the edges of Qi in 
order be ei, . . . , e„, ei, where ei = vw, 62 = uv and 63 = ut. Since |Fj n Qi| > 5 and Fj contains at 
most one of 61,62,63, it follows that n>7. For 1 < j < 7, Fj contains one of 61,62,63; and hence 
63, . . . , e„ ^ Fj for all j G {1, . . . , 7} with j 7^ i. It follows that 64, 65 belong only to Fj. By the 
choice of the switchable path 64 7^ tv and hence 64 G Fj n ^ Di . Since this holds for all i G /, it 
follows that |F>i| > |/| > 6, a contradiction. This proves [5^ I 

5.10. Let {G,m) he a minimum 7-counterexample, let x-u-v-y he a three-edge path of G, and let 
{G,m') ohtained hy switching on x-u-v-y. If {G,m) is not smaller than [G,m'), and {G,m') contains 
one of Conf[l])-Conf n^) then x-u-v-y is switchahle. 

Proof. Suppose that x-u-v-y is not switchable. Then, since (G, m') is a 7-counterexample and (G, m) 
is not smaller than {G,m'), the latter is a minimum counterexample. But bv 14.31(5^ no minimum 
7-counterexample contains any of Conf(fT])-Conf ()12p . a contradiction. This proves [5.101 | 

5.11. No minimum 7-counterexample contains Confil3\). 
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Proof. Let (G, m) be a minimum 7-counterexample, with a square xuvy and a tough triangle uvz, 
where m{uv) + m^{xy) > 4 and m(xy) > 2. Since {G,m) does not contain Conf(l5|) bv l5.2| we have 
m{uv) + m~^{xy) = 4. Suppose m{uv) > 3; then since xufy is small and {G,m) does not contain 
Conf© by 15.31 we have m[uv) = 3 and m'^{uz) = m~^{vz) = 1, contradicting the fact that uvz is 
tough. Thus m[uv) < 2. 

Since {G,m) does not contain Conf([3|) bv 14.41 it follows that m{ux) + m{vy) < 4. Thus the cycle 
x-u-v-y-x is switchable; let {G,m') be obtained from {G,m) by switching on it, and let Fi, . . . jFj 
be a 7-edge-colouring of {G',m'). Let k = m'{uv) + m'{xy) G {5,6}. By 15.11 we may assume that 
uv € Fi for 1 < i < m'{uv), and G Fj for m'{uv) < i < k. Let / = {1, . . . , 7} and for i I, let 

be as in 15.11 Denote by ri, r2, the second regions for vz,xy, respectively, and by Di,D2 their 
respective sets of doors. 

(1) One of m^{uz),m^{vz) = 1. 

Let i E /, and let the edges of Qi in order be e|, . . . , e^^, e\, where e\ = uv, e\ = ^lii ^ {^z, vz}. 

Since PI Qjl > 5 and Fi contains at most one of e\,e2, it follows that rij > 6. For 1 < j < k, Fj 
contains one of e\,e\; and hence e|, . . . , e^. ^ Fj for all j G {1, . . . , A;} with j / i. 

Suppose k = 6. We may assume by symmetry that vz G Qj, and so m{vz) = 1 and t;^ S F-j. 
Also, tiz € -Fj for some m'{uv) < i < k, say uz G Fg. Let z G / \ {6, 7}. Then since tiz and xy both 
belong to Fq, vz € Qj. Then since e^^ = and vz ^ Fj, we have nj > 7 and e|, . . . , e^,_;^ belong 
only to Fj. It follows that Fj n Qj PI Di is nonempty, and so ri is big. Hence m'^{vz) = 1 as required. 

Suppose k = 5. Then by hypothesis, m{uv) = 1, m{xy) = 2, and r2 is small. We have G Fi, F2 
and xy € F3,F4,F5. Suppose that uz G Qj and m{uz) > 2. Then uz belongs to both F7 and Fg. 
Further vz ^ Fi , F2 , Fg , F7 and so by symmetry we can assume vz G F5 . Consequently when 
i G I \ {5}, we have uz G Qj, nj > 7 and 63, . . . ,e5^_;^ belong only to Fj. Further, m{uz) = 2. But 
then Fj n Qj n is nonempty, contradicting the fact that is small. By the same argument if 
m{vz) > 2 then vz ^ Qy. 

Since uvz is tough, by symmetry we may assume m'^{uz) > 3. Thus uz ^ Qt, and so uz G Qj 
and m{vz) = 1. Since m{uz) > 2, itz belongs to two of F3,F4,F5,F6; by symmetry say uz G F5. 
Thus for z G / \ {5}, uz G Qi, e|, . . . ,e^._]^ belong only to Fi,FQ. It follows that at least one of 
Fj n Qj n Di, Fj n n F'2 is nonempty, and if i = 6 then both are nonempty. Thus \Di \ + \D2\ > 7, 
and since r2 is small |Di| > 4. It follows that m~^{vz) = 1, as required. This proves (1). 

By (1) we may assume m^{vz) = 1. Since uvz is tough, (1) implies m^{uz) + m^{uv) > 6. Since 
{G,m) does not contain Conf(l6]) bv 15. 3|, it follows that m[uv) = 2, m{uz) = 2 and m{ux) > 3. But 
{G, m) does not contain Conf(l3|) by 14.41 a contradiction. This proves 15.111 | 

5.12. No minimum 7-counterexample contains Conf^I^. 

Proof. Let (G, m) be a minimum 7-counterexample, with a region r bounded by a cycle Cr = 
vo,...,V4. Denote the edge fjfj+i by /j for < i < 4 (taking indices modulo 5) and suppose 
that m^(eo) > 2, and that rn'^{f2),m^{fz) > 4. Since G has minimum degree at least three, 
m{f2) = m{h) = 3. 

Let {G' ,m') be obtained by switching on the path ^4-^0-^1-^2; since m(/2),m(/3) > 3, {G' ,m!) 
contains a triangle V2V3V4 with m'(u2f3f4) > 7. Since {G,m) is a 7-target, m{5G{{u,v,x})) > 9 
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and it follows that m'((^G''({n, x})) > 7. Since m'{uv) +m'{ux) +m'{vx) > 7, it follows that 
m'(6{{u, V, x})) = 7. Hence bv l2.1l (C, m') is 7-edge colourable. Let Fi, . . . , he a 7-edge colouring 
of {G\m'). Let k = m'{vQVi) + m'{v2Vi) > 3. By 15.11 we may assume that vqVi G Fi for 1 < i < 
m'{vQVi), and V2Vi € F^. Let / = {1, . . . , 7} \ {k} and for i G I, let Qi be as in 15.11 Let i € I, and 
let the edges of Qi in order be ei, . . . , e„. , ei, where ei = vqVi and 62 = Since |Fj n Qj] > 5 and 

Fi contains at most one of 61,62, it follows that rij > 6. For 1 < i < 6, Fj contains one of 61,62; 
and hence 63, . . . , 6„ ^ Fj for all j G {1, . . . ,k} with j ^ i. By the choice of the switchable path, 
63 G {/2;/3}- By setting i = 7, without loss of generality we may say /2 G Q7; it follows that /2 
does not belong to Fi, . . . ,Fk and A; < 4. Thus /2 belongs to three of Fk+i, . . . , Fj, say /2 belongs 
to F5,Fq,Ft. Further /a belongs to three of -Fi, . . . , -F4. Let r2 denote the second region for /2 and 
let D2 denote its set of doors. 

It follows that /2 G Qi for each i & I. Suppose k = 4. Then for each i G I, the edges of 
Qi \ {/o)/2} belong only to Fj. Thus Fi n Qi H D2 is nonempty, contradicting the fact that r2 is 
small. Thus k = 3, and so m{fi) = 1. Denote by ri the second region for /o and Di its set of doors. 
For each i G /, > 7 and the edges of Qi \ {/o, /2} belong only to Fi, F4. Consequently at least one 
of Fi n Qi n Di, FiCiQi n D2 is nonempty, and both are nonempty if z = 4. Thus |Di| + |L'2| > 7, 
but since ri is small, ID2I > 4, a contradiction. This proves [5T2l | 

5.13. No minimum 7 -counterexample contains Conf\15\). 
Proof. 

Let (G, m) be a minimum 7-counterexample, with a region r bounded by a cycle = uq, . . . , ^4. 
Denote the edge VjVj+i by /j for < i < 4 (taking indices modulo 5) and suppose that m+(/o) > 3, 
and that ?7i+(/2), m"'"(/3) > 3. 

(1) Suppose that either fo is 3-heavy, or both f2, fs are 3-heavy. Then the path V4-V0-V1-V2 is not 
switchable. 

Suppose the path ^4-^0-^1-^2 is switchable; let {G',m') be obtained by switching on it and let 
Fi,. . . ,Fj be a 7-edge colouring. Let k = m'{voVi) + m'{v2V4) > 4. By 15.11 we may assume that 
vqVi G Fj for 1 < i < m'{vQVi), and V2V4 G F^. Let / = {1, . . . , 7} \ {A;} and for i G /, let Qi be as in 

Since k > 4 and m(/2),m(/3) > 2, we may assume without loss of generality that both /o,/3 
belong to Fi. Consequently, /2 G Qi for each i G /\{1} and /2 belongs to at least two of F^+i, . . . , F7, 
say /2 belongs to Fg, F7, and so /c < 5. Let i G /\{1}, and let the edges of Qi in order be 61 , . . . , Cfi, 61 , 
where ei = vqVi, 62 = V2V4 and 63 = /2. Since | Fj n Qj| > 5 and Fj contains at most one of ei, 62, it 
follows that n > 7. For 1 < j < 6, Fj contains one of ei, 62; and hence 64, . . . , e„ ^ Fj belong only 
to Fj, and possibly F7. 

Denote by ri, r2 the second regions for /o, /2; respectively and denote by Di,D2 their respective 
sets of doors. Suppose k + m(/2) = 7, and so m^fo) + m(/2) < 5. Then for each i G / \ {1}, both 
Fj n Qj n Di, Fj n Qj n D2 are nonempty. It follows that both ri and r2 are big, a contradiction. 

Thus k + m(/2) < 6, and so A; < 4. For each i e I\ {1}, at least one of Fj n Qj n F>i, Fj n Qj n D2 
is nonempty, and both are nonempty if i = 5. Since at least one of ri,r2 is a triangle, one of 
|F>i|, \D2\ < 2, and so k + m{f2) < 6. [F'll + \D2\ > \I\ = 6. But A; > 4 and m+(/2) > 3 and so ri,r2 
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are both small, a contradiction. This proves (1). 

Now, suppose {G,m) contains Conf([T5|), and so /o is 3-heavy. By (1), the path V4-V0-V1-V2 is 
not switchable, and m{fo) = 2, and by symmetry we may assume m{fi) > 3. It follows that 
m{f2) < 2, for otherwise we could relabel the vertices of Cr to contradict (1). Further by (1) the 
path V1-V2-V3-V4 is not switchable. Similarly fi is not 3-heavy. Since V1-V2-VS-V4 is not switchable, 
and m.(/i),m(/2) < 2, it follows that m{f^) > 3. Further the 7-target obtained by switching on 
vi-V2-v^-Vi contains Conf([2j), and so by 15.101 it follows that m{fi) > 2. Now, the path V2-V3-Vi-vo 
is switchable; let {C ,m') be obtained by switching on it and let Fi, . . . , be a 7-edge-colouring. 
Since m^v^v^) + m'{vQV2) = 5, we may assume by 15.11 that belongs to Fj for 1 < z < 4 and 
V0V2 G -F5. Also by symmetry V2V2, and v^vq both belong to Fg, and so /o, /i do not belong to Fg. Let 
/ = {1, . . . , 7} \ {5} and for i G / let Qi be as in 15.11 Let the edges of Q% in order be ei, . . . , e„, ei, 
where ei = and 62 = v^vq. Since \Fi n Qel > 5 and Fj contains at most one of 61,62, it follows 
that n > 6. For 1 < j < 6, Fj contains one of 61, 62; and hence 63, . . . , 6^ ^ Fj for all j G {1, . . . , A;} 
with j ^ 6. It follows that 63, . . . , , 6„ belong only to Fg, F7. By the choice of the switchable path, 
63 G {/o)/i}) and so m(e3) > 2. Hence 63 belongs to both F6,F7, a contradiction. This proves 



5.14. A'^o minimum 7 -counterexample contains Conf \16\) . 

Proof. Let (G, m) be a minimum 7-counterexample, with a region r bounded by a cycle Cr = 
vq, . . . ,^5. Denote the edge Vjfj+i by /j for < i < 5 (taking indices modulo 6) and suppose that 
fi, f2, fs, fi, /5 are 3-heavy with multiplicity at least two. 

(1) The path vo-vi-V2-vs is not switchable. 

Suppose VQ-V1-V2-V3 is switchable. Let {G',m') be obtained by switching on it and let Fi,...,F7 
be a 7-edge-colouring of (G',m'). Let k = m'{viV2) + m'{voV3) > 4. We may assume by 15.11 that 
V1V2 G Fi iov 1 < i < k and V0V3 G F^. Let / = {1, . . . , 7} \ {k} and for i G I, let Qi be as in 15.11 

For i € I, let the edges of Qi in order he e\, . . . , e^^, e*]^, where e\ = V1V2 and = fo^^s- Since 
|Fj n Qi| > 5 and Fj contains at most one of e\,e\, it follows that n > 6. Let i £ L For 1 < i < /c, 
Fj contains one of e\,e\; and hence 63, ... , 6^. ^ Fj for all j G {1, . . . , A;} with j ^ i. By the choice 
of the switchable path 63 G {/3, fi, f^}, and so 63 is 3-heavy; thus one of 6364 must belong to one of 
Fi,...,F5. 

Thus k = 4 and the second region for V1V2 is a triangle V1V2X. Choose i G {5,6,7} such that 
neither of {vix,V2x} is an edge of multiplicity one belonging to Fj. Now, 63, . . . , e^^ do not belong 
to Fi, . . . ,F4. By the choice of the switchable path, 63 is 3-heavy, and so e'^. has multiplicity one 
and belongs only to Fj, a contradiction. This proves (1). 

Now m{vQVi) < 2, for otherwise the vertices of Cr could be relabeled to contradict (1). By (1), 
VQ-V1-V2-V3 is not switchable. It follows that m{viV2) = 2 and the second region for V1V2 is a triangle 
and m{v2V3) > 3. By symmetry, m{v5Vo) = 2, the second region for v^vq is a triangle, and m{v4^V5) > 
3. The 7-target {G,m) obtained by switching on vo-vi-V2-vs contains Conf(l3]), so bv 15.101 (G. m) is 
smaller than {G',m'). It follows that m{voVi) + m{v2V3) > 5. Similarly m{v()Vi) + m{v/^V5) > 5. 
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Since m{v2Vs) > 3, the path fi-f2-f3-V4 is switchable. Let {G',m') be obtained by switching on 
it and let Fi, . . . , F7 be a 7-edge-colouring. Let k = m'{v2V3) + m'{viV4) G {5, 6}. We may assume 
by 15.11 that V2V^ € Fi for 1 < i < k and V1V4 E F^. By symmetry we may assume V1V2 € Ffc+i- Let 
/ = {1, . . . , 7} \ {A:} and for i G I, let Qi be as in 15.11 Let the edges of in order be ei, . . . , e„, ei, 
where ei = V2V3 and 62 = viv^. Since |Fj n Qj| > 5 and Fj contains at most one of ei, 62, it follows 
that n > 6. For 1 < j < k, Fj contains one of ei, 62; and hence 63, . . . , ^ Fj for all j € {1, . . . , A;} 
with j ^ i- 

Suppose A: = 6. Then 63, . . . , belong only to F7, and so 63 has multiplicity one. By the choice 
of the switchable path, 63 = /q. But /o ^ F7 since /i G F7, a contradiction. Thus k = 5, and so 
m(/2) = 3 and m(/o) > 2. Now 63, . . . , e„ belong only to Fq,Fy, and so 63 is not 3-heavy. It follows 
from the choice of the switchable path that 63 = /q. But m(/o) > 2 and /o ^ -Fe since /i G Fg, a 
contradiction. This proves 15.141 | 

This completes the proof of 14.11 and hence of 11.21 
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